
Učenie posilňovaním: hierarchia
v rozhodovaní alebo vo funkčnej

aproximácii?

Viliam Dillinger

Fakulta matematiky, fyziky a informatiky UK

Viliam Dillinger (FMFI UK) Hierarchické učenie posilňovaním 1 / 26



Obsah

Obsah

1 Markovov rozhodovací proces

2 Učenie posilňovaním (Reinforcement learning)

3 Funkčné aproximátory (Neurónové siete)

4 Porovnávané modely

5 Experiment

Viliam Dillinger (FMFI UK) Hierarchické učenie posilňovaním 2 / 26



Markovov rozhodovací proces

Agent
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Markovov rozhodovací proces

Markovov rozhodovací proces

matematický rámec pre modelovanie rozhodovania
štvorica < S ,A,P ,R >

S - konečná množina stavov
A - konečná množina akcií, v stave s ∈ S môžeme
vykonať As
P(s ′|s, a) - pravdepodobnostná prechodová funkcia
R(s ′|s, a) - funkcia odmeny

cieľ – nájsť stratégiu π(s) = a, ktorá maximalizuje
sumu diskontných odmien
Rt =

∑∞
n=0 γ

nrt+n
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Markovov rozhodovací proces

Markovov rozhodovací proces
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Markovov rozhodovací proces

Riešenie MDP

rozhodovanie podľa priemernej budúcej odmeny
akcií v danom stave
V (st) = rt + γrt+1 + γ2rt+2 + . . .] =

= rt + γ(rt+1 + γrt+2 + . . .) =

= rt + γV (st+1)

presný výpočet – Bellmanove rovnice, value iteration
(Bellmann, 1957)

V (s) = max
a

[∑

s ′
P(s ′|s, a)(R(s ′|s, a) + γV (s ′))

]
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Učenie posilňovaním (Reinforcement learning)

Učenie posilňovaním

aproximácia MDP
trénovanie len v okolí zvolených trajektórií – lepšia
aproximácia v relevantných stavoch
nie je potrebný model prostredia (P, R)
on-line metóda
možnosť využitia funkčných aproximátorov
temporal difference error (Witten 1977, Sutton a
Barto 1981)

δt = rt + γV (st+1)− V (st)
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Učenie posilňovaním (Reinforcement learning)

Najpoužívanejšie algoritmy RL
Q-learning (off-policy) (Watkins 1989)

Q(s, a) = (1− α)Q(s, a) + α(r + γ max
a′
Q(s ′, a′))

SARSA (on-policy) (Sutton 1996)

Q(s, a) = (1− α)Q(s, a) + α(r + γQ(s ′, π(s ′)))

Actor-critic architecture (Witten 1977, Barto et al. 1983)

δ = r + γV (s ′)− V (s)
Vt+1(s) = Vt(s) + αCδ

Qt+1(s, a) = Qt(s, a) + αAδ

Viliam Dillinger (FMFI UK) Hierarchické učenie posilňovaním 8 / 26



Učenie posilňovaním (Reinforcement learning)

Explorácia prostredia

nevieme zistiť, či aktuálna stratégia je optimálna
ε-greedy explorácia
Boltzmannova explorácia

P(π(s) = a) =
eQ(s,a)/λ∑
a′∈As e

Q(s,a′)/λ
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Učenie posilňovaním (Reinforcement learning)

Semi-Markovov rozhodovací proces

rozšírenie MDP – rôzne akcie môžu ”trvať” rôzne
dlho
Q-učenie pre SMDP

Q(s, a) = (1− α)Q(s, a) + α(r + γτ max
a′
Q(s ′, a′))

r = rt + γrt+1 + . . .+ γt+τ−1rt+τ
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Učenie posilňovaním (Reinforcement learning)

Advantage learning (Baird III 1999)

rozšírenie Q-učenia
malá chyba pri odhade Q môže spôsobiť veľké
zmeny v stratégii

Q(s, a) = (1− αt)Q(s, a) + αt

(
max
a∈As
Q(s, a)+

r + γτ maxa′∈As′ Q(s
′, a′)−maxa∈As Q(s, a)
kτ

)
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Učenie posilňovaním (Reinforcement learning)

Advantage learning (Baird III 1999)

51

Value

(State, Action)

(1,1) (1,2) (1,3) (2,1) (2,2) (2,3)

 V-A=10 (V-Q)

V-Q

Figure 5.1.  Comparison of Advantages (black) to Q values (white)
in the case that 1/(k∆t)=10.   The dotted line in each state
represents the value of the state, which equals both the maximum
Q value and the maximum Advantage.  Each A is 10 times as far
from V as the corresponding Q.

In figure 5.1, The Q values (white) are close together in each state, but differ greatly from
state to state.  During Q learning with a function approximator, small errors in the Q
values will have large effects on the policy.  The Advantages (black) are well distributed,
and small errors in them will not greatly affect the policy.  As ∆t shrinks, the Q values all
approach their respective dotted lines, while the Advantages do not move.  All of this is
similar to what happened in Advantage updating, but in Advantage learning it is simpler,
since there is no need to store a separate value function.  And the latter is guaranteed to
converge.  Not surprisingly, learning can be much faster than Q learning, as can be seen
by comparing the algorithms on a linear quadratic regulator (LQR) problem..

The LQR problem is as follows.  At a given time t, the state of the system being
controlled is the real value xt.  The controller chooses a control action ut which is also a
real value.  The dynamics of the system are:

tt ux =

The rate of reinforcement to the learning system, r(xt,ut), is

22),( tttt uxuxr −−=

pre 1/kτ = 10
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Funkčné aproximátory (Neurónové siete)

Viacvrstvový perceptrón (MLP)
univerzálny funkčný aproximátor
dopredný prechod
h = f (Vx) f (net) = 1

1+e−net

y =Wh
spätné šírenie chyby
δy = d− y
δh = WTδy .∗ h

.∗ (1− h)
úprava váh
W =W + αδyhT

V = V + αδhxT

 

125

● Inputs x , weights w, outputs y

● Output activation: 

● hk = radial activ. function, e.g. 

hk(x) = (x) = exp(-∥x-vk∥
2/

k
2)

vk ~ center k, k ~ its width

(d) are (usually) local functions because for d  ∞ (d)  0

 affects generalization

● vk used for approximation of unconditional probability density of input 

data p(x)

yi=∑k=1

q
wik hk  xwi0

Radial-Basis-Function neural net
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Funkčné aproximátory (Neurónové siete)

RBF siete

aktivácia RBF neurónu

hi = exp(−σ‖x− ci‖2)

pri učení sú zmeny lokálne
potrebné väčšie množstvo neurónov (oproti MLP)
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Funkčné aproximátory (Neurónové siete)

Neurónové siete a RL

reprezentácia Q-funkcie, stratégie
znižuje pamäťové nároky, generalizácia
spojité prostredie

UËenie posilÚovaním (Reinforcement learning)

Neurónové siete a RL

reprezentácia Q-funkcie, stratégie
zniæuje pamäªové nároky, generalizácia

Q(s, a1)

s

Q(s, a2)

s

Q(s, ai)

s

. . .
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Funkčné aproximátory (Neurónové siete)

Problémy „klasického” učenia
posilňovaním

prekliatie dimenzionality
náhodná chôdza
šírenie odmeny
prenos vedomostí

Introduction Hierarchical Reinforcement Learning

Why use hierarchies at all?

Using behaviours (temporally extended/high level actions, . . .) allows

“Divide and Conquer”: decompose into smaller (easier) subtasks

� task decomposition enables re-use of (sub)policies

“Dæmon of Dimensionality”: smaller state spaces on all levels

Different specific state abstractions for different (sub)policies
(just wait until tomorow)
Faster exploration

room C

room B

room Aroom D

extended actions

task

subtask2

subtask3subtask1

subsubtask
1 subsubtask

3
subsubtask

2
subsubtask

4...

decomposition and re-use curse of dimensionality

Moerman, Bakker, Wiering (UU, UvA) Self-Organizing Hierarchical Behaviours NIPS 2007 4 / 18

[Moerman 2009]
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Funkčné aproximátory (Neurónové siete)

Hierarchické učenie posilňovaním

časovo rozšírené akcie
prístupy využívajúce opcie (options)
prístupy využívajúce vrstvy

hierarchia nad stavmi aj akciami
hierarchicky optimálna vs optimálna
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[Botvinick et. al. 2009]
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Porovnávané modely

HABS

Hierarchical Assignment
of Behaviours by
Self-organizing
[Moerman 2009]

Figure 5.1: The hierarchical structure of HABS: the large gray circles are the high level states. The
black arrows represent the high level Q-values (the thicker they are, the higher the Q-value). The actions
(behaviours) on the high level are classified to a small set of characteristic behaviours (dashed arrows
leading towards the gray arrows). The classes are each associated with a particular subpolicy. Notations
correspond to those in section 5.1.3.

HASSLE on the other hand first treats each of the transitions as unique (one-to-one) and then relates
each transition to all the subpolicies (one-to-many) by means of the Capacities (see fig. 5.2). The prob-
lems with HASSLE were all related to the number of high level actions, and their unique nature. But
since HABS uses the characteristic behaviours, of which there are only a few, it does not suffer from the
same problems.

Figure 5.2: The hierarchical structure of HASSLE: the large gray circles are the high level states
(subgoals). The Q-values of the high level policy are indicated by the thickness of the black arrows between
the subgoals. The ●→● represent the (unique) transitions between subgoals. The Capacities (Mapping2→1)
are represented by the thick gray triangles (thicker means higher capacity). Notations correspond to those
in section 4.1.1. (Same as fig. 4.1, placed here for easy comparison with fig. 5.1).

No More Explicit Goals

There is one slight problem with HABS as it is proposed here. By kicking out the subgoals as actions-
idea, we have lost our easy way of training subpolicies. Without explicit (sub)goals we cannot train a

68

Filling In The Fifth Property

In conclusion,we demand from our abstract state space that it gives us these useful clusters of high level
actions, instead of behaviours scattered all over the place. This is illustrated in fig. 5.9.

Figure 5.9: Abstract states as used in HABS: the mapping from state space to an abstract representation
preserves (some of the) underlying structure of the state space and ensures that the actually occurring high
level actions are highly clustered (the black arrows). See fig. 4.3 (the HASSLE mapping) for comparison.

In light of the analysis above about the need of an underlying structure in the abstract state space
(in order to derive a good heuristic), we can now fill in the fifth property that we gave for HABS (see
section 5.1.6). The fifth property can be made more precise in terms of the Behaviour Space and the
assumption related to difference vectors (section 5.2.2) can be included:

(5’a) actually occurring transitions between abstract states need to be distributed non-uniformly in the
Behaviour Space. They need to form a limited amount of distinct groups

(5’b) difference vectors that are similar should correspond to similar behaviours

In fact, the more non-uniformly the behaviours are distributed, the less distinct groups or clusters
there are and the fewer subpolicies (i.e. high level actions) HABS needs. This means that a state abstrac-
tion is better if it has fewer clusters of behaviours.

5.2.5 Classification and Clustering

For the experiments described in this thesis, a very simple mechanism is used to do the classification.
Since behaviours are treated as vectors (which is a simplification) it is reasonable to use a method that
is suited to vectors, therefore an adaptive clustering algorithm was selected.
A cluster is assigned to each subpolicyi. The cluster center chari can be considered the character-

istic behaviour of that subpolicy. During learning, the cluster center is moved towards newly executed
behaviour if this recent behaviour was already classified as belonging to this cluster. The update is done
according to: !!→

chari, t+!t ← (1−") ⋅""→char i, t +" ⋅!!→execi,t→t+!t (5.1)

where !!→execi,t→t+!t is the behaviour that the subpolicy executed starting at time t and ending at t +!t
(calculated with Execi) and

!!→
chari t is the characteristic behaviour vector (i.e. cluster center) that was as-

signed to the subpolicy that just executed!!→execi,t→t+!t . The factor " (0≤"≤ 1) is learning rate determines
how much the characteristic behaviour is moved towards the newly executed behaviour.
The definition of Execi is related to the clustering. This function needs to calculate the executed

behaviour !!→execi and represent it in a suitable way. When the behaviours are treated as vectors, it is
defined as the difference vector between the abstract states:

!!→execi = Exec(S,S′) =!!!→S′i−Si (5.2)

Each subpolicy is assigned a cluster center and will specialize in that cluster, but these clusters will in
turn provide the goal conditions for the subpolicy. If a subpolicy does something that is similar to “its”

79
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Porovnávané modely

HABS Our Algorithm (HABS) Self-Organizing Behaviours

HABS in Pseudo Code
repeat

// run HL-Policy

rewardHL = 0 ;

; // for accumulating rewards

PolicyHL selects SubPolicy SUBi ;

; // HL-action

repeat

// execute SUB i

SUBi selects and executes a primitive action ;
rewardHL ← rewardHL + receivedReward ;

; // accumulate

if new abstract state then BREAK ;

; // behaviour=>terminate

else update SUBi with 0 ;

; // sparse reward

until timeoutSUB

if timeoutSUB then punish SUBi ;

; // no new abs. state

else

// compare EXECuted with clusters

if EXEC ∈ CLUSTERSUB then
reward SUBi ;

; // match

move CLUSTERSUB towards EXEC ;

; // match

else punish SUBi ;

; // no match

update PolicyHL with rewardHL ;

; // for executing SUB i

until task solved or timeoutHL

Moerman, Bakker, Wiering (UU, UvA) Self-Organizing Hierarchical Behaviours NIPS 2007 11 / 18
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Porovnávané modely

Naše úpravy HABS

zrušený trest za timeout
zmena samoorganizácie správaní – smer miesto
vektora
úprava učiaceho pravidla stratégie na vyššej vrstve –
autor nevyužíval SMDP
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Porovnávané modely

Kombinovaný funkčný aproximátor
RBF-MLP

riedke kódovanie s využitím lokálnych neurónov
(Cetina 2008)

Fig. 1: Multilayer perceptron with one layer of radial basis functions

layers: 2 hidden layers plus the input and output layers (see Fig. 1). The number
m of input units must equal the size of the feature vector that represents the
current state of the environment. In the first hidden layer there are k RBFs.
For each input variable xi there is a set Ri of RBFs rij . The rij ∈ Ri should
be defined to cover the range of values that xi can take. The outputs of the
RBFs layer are fed into the second hidden layer that consists of n sigmoidal
functions. Finally, the outputs of the second hidden layer reach the output unit.
During the training stage, only the connection weights between both hidden
layers, and between the second hidden layer and the output layer are learned,
leaving the weights between the input and first hidden layer set to 1. Although
one possibility when working with radial basis functions is the optimization of
their parameters through the application of unsupervised learning methods, in
the results presented here, we only experimented with the number of radial basis
functions needed to learn the Q value function. We used gaussian functions of
the form:

RBF(xi) = exp
(
−∥xi−ci,j∥2

2σ2

)

The centers ci,j of the bi basis functions defined for xi are placed at a distance
disti one from the other, where

disti = max(xi)−min(xi)
bi

and σi = disti

2

Comprehensive introductions to radial basis functions and their training can
be found in [1, 3]. The main advantage of our topology is that it can be used
with high dimensional state spaces without problems of exponential grow in
the number of RBFs. This is, in the case of having the same number p of
RBFs for each one of the m input variables, we would need only mp RBFs, in
contrast to the pm we would use in a straightforward implementation of RBF
networks. One common option to avoid the curse of dimensionality is to group
the input variables in pairs, and define the number of RBFs required to cover
the resulting 2-dimensional subspaces generated by each pair. However, the
successful selection of the variable pairs requires some previous knowledge about

163
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Experiment

Prostredie
Stav - pozícia agenta (x,y)
Akcie - pohyb na 4 svetové strany
Prechodová funkcia - deterministická, pri náraze do
steny agent ostáva na mieste
Odmenová funkcia - odmena 1 pri prechode do
finálneho stavu, inak 0
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Experiment

Výsledky
MLP – 15 skrytých neurónov
RBF-MLP – 15 skrytých neurónov, 6 RBF
HABS – 4 podstratégie (2 skryté neuróny), hlavná
stratégia (5 skrytých neurónov)
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Experiment

Porovnanie RBF-MLP a HABS

veľmi podobný spôsob výberu akcie (lokálny +
globálny výber)
nižšia výpočtová náročnosť na jeden krok (HABS)

Fig. 1: Multilayer perceptron with one layer of radial basis functions

layers: 2 hidden layers plus the input and output layers (see Fig. 1). The number
m of input units must equal the size of the feature vector that represents the
current state of the environment. In the first hidden layer there are k RBFs.
For each input variable xi there is a set Ri of RBFs rij . The rij ∈ Ri should
be defined to cover the range of values that xi can take. The outputs of the
RBFs layer are fed into the second hidden layer that consists of n sigmoidal
functions. Finally, the outputs of the second hidden layer reach the output unit.
During the training stage, only the connection weights between both hidden
layers, and between the second hidden layer and the output layer are learned,
leaving the weights between the input and first hidden layer set to 1. Although
one possibility when working with radial basis functions is the optimization of
their parameters through the application of unsupervised learning methods, in
the results presented here, we only experimented with the number of radial basis
functions needed to learn the Q value function. We used gaussian functions of
the form:

RBF(xi) = exp
(
−∥xi−ci,j∥2

2σ2

)

The centers ci,j of the bi basis functions defined for xi are placed at a distance
disti one from the other, where

disti = max(xi)−min(xi)
bi

and σi = disti

2

Comprehensive introductions to radial basis functions and their training can
be found in [1, 3]. The main advantage of our topology is that it can be used
with high dimensional state spaces without problems of exponential grow in
the number of RBFs. This is, in the case of having the same number p of
RBFs for each one of the m input variables, we would need only mp RBFs, in
contrast to the pm we would use in a straightforward implementation of RBF
networks. One common option to avoid the curse of dimensionality is to group
the input variables in pairs, and define the number of RBFs required to cover
the resulting 2-dimensional subspaces generated by each pair. However, the
successful selection of the variable pairs requires some previous knowledge about
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Figure 5.1: The hierarchical structure of HABS: the large gray circles are the high level states. The
black arrows represent the high level Q-values (the thicker they are, the higher the Q-value). The actions
(behaviours) on the high level are classified to a small set of characteristic behaviours (dashed arrows
leading towards the gray arrows). The classes are each associated with a particular subpolicy. Notations
correspond to those in section 5.1.3.

HASSLE on the other hand first treats each of the transitions as unique (one-to-one) and then relates
each transition to all the subpolicies (one-to-many) by means of the Capacities (see fig. 5.2). The prob-
lems with HASSLE were all related to the number of high level actions, and their unique nature. But
since HABS uses the characteristic behaviours, of which there are only a few, it does not suffer from the
same problems.

Figure 5.2: The hierarchical structure of HASSLE: the large gray circles are the high level states
(subgoals). The Q-values of the high level policy are indicated by the thickness of the black arrows between
the subgoals. The ●→● represent the (unique) transitions between subgoals. The Capacities (Mapping2→1)
are represented by the thick gray triangles (thicker means higher capacity). Notations correspond to those
in section 4.1.1. (Same as fig. 4.1, placed here for easy comparison with fig. 5.1).

No More Explicit Goals

There is one slight problem with HABS as it is proposed here. By kicking out the subgoals as actions-
idea, we have lost our easy way of training subpolicies. Without explicit (sub)goals we cannot train a
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Experiment

Záver

problematika MDP, RL, HRL
experimentálne porovnanie troch modelov – MLP,
RBF-MLP a HABS
hierarchické delenie priestoru znižuje dĺžku
konvergencie
časovo rozšírené akcie znižujú výpočtovú náročnosť
jedného kroku
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Experiment

Ďakujem za pozornosť.
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